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Defect complexes in Ti-doped sapphire: A first principles study.
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First-principles calculations have been performed to study the formation of defect complexes in
Ti doped α-Al2O3 crystals. The formation energies of isolated Ti
3+ and Ti4+ defects, pairs, triples
and quadruples of Ti ions and Al vacancies are computed under different equilibrium conditions of
Al-Ti-O related phases. Taking into account charge neutrality of the whole system we determine the
equilibrium concentrations of simple and complex defects as well as the total equilibrium concentra-
tion of Ti in an α-Al2O3 crystal. It is shown that the equilibrium concentration of complex defects
can be on the same order of or even larger than the concentrations of isolated substitutional Ti3+
and Ti4+ defects. It is found that in Ti-deficient conditions the relative fraction of isolated defects
increases and the balance is shifted towards Ti4+ defects. A universal relation between equilibrium
concentrations of isolated and complex defects is obtained. The band structure of the system with
complex defects is calculated and extra levels inside the band gap caused by such defects are found.
I. INTRODUCTION
Doping of synthetic crystals with different activating
ions provides desired optical and lasing properties of such
materials [1]. Activating ions can be in different charge
states, may occupy different crystallographic positions
and form complexes of two or more impurity atoms situ-
ated close to each other or complexes of impurity atoms
with intrinsic defects.
In particular, such a situation is realized in Ti:sapphire
in which Ti ions can exist in different charge states and
may form pairs, triples and multisite clusters. Ti:α-
Al2O3 is known as a laser material [2–6]. The laser ef-
ficiency of Ti:sapphire is affected by a residual infrared
absorption in the emission band of the Ti:Al2O3 laser.
Crystal field calculations [7] support a hypothesis [5] that
the absorption is caused by Ti3+ − Ti4+ pairs. The ra-
tio of the absorption coefficients at the pump wavelength
(λ = 514 nm) and at the maximum of residual absorption
(λ = 800 nm) is known as the figure of merit (FoM) of
Ti:sapphire laser crystals. FoM can be used to evaluate
experimentally the concentration of Ti4+ ions [8]. The
Ti4+ concentration can also be obtained from ultraviolet
absorption spectra [9].
Defect formation energies and relative stability of de-
fects in different charge states can be determined from
the first-principles calculations. The formation energy
depends on the oxygen chemical potential µO and the
electron Fermi energy EF . In [10] the formation ener-
gies of intrinsic (native) defects in pure α − Al2O3 were
obtained using the plane-wave pseudopotential method.
Considering various charge states of the defects, the au-
thors of [10] found that the defect species in their high-
est charge state exhibit the smallest formation energies.
According to [10], in a wide range of µO the formation
energies of charged vacancies (V ) and interstitial ions (i)
are in the order of V 3−Al < O
2−
i < V
2+
O < Al
3+
i . The
∗
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formation energies of Schottky and Frenkel defects were
also calculated in [10]. These energies are independent of
µO. It was found that the Schottky quintet has the for-
mation energy per defect smaller than O Frenkel and Al
Frenkel pairs have. In addition, the formation energy of
Al Frenkel pairs is smaller than that of O Frenkel pairs.
The dependence of the formation energies of native
defects in α-Al2O3 on µO and EF was found in [11]. It
was shown that over most of the range of EF the defects
in their highest charge states dominate. Nevertheless a
significant amount of defects in lower charge states can
emerge at some µO and EF . In particular, the formation
energy of the oxygen vacancy V 1+O can be comparable to
the energy of other defects. This result correlates with
the experimental observation of F+ centers in α-Al2O3
[12]. Calculations [11] support the conclusion of [10] that
for the charge neutral combinations the formation energy
ordering is Schottky < Al Frenkel < O Frenkel.
The charge states and formation energies of vacan-
cies, interstitial and antisite atoms in pure α-Al2O3 were
studied in [13]. It was found that under O-rich and
O-deficient conditions the most stable defect is the Al
vacancy V 3−Al . According to [13] the preferable charge
state of O vacancies is V 0O. In O-rich conditions the for-
mation energies are ordered as V 3−Al < O
3−
Al < O
2−
i <
V 0O < Al
3+
i < Al
3+
O , and in O-deficient conditions, as
V 3−Al < O
2−
i < Al
3+
i < O
3−
Al < V
0
O < Al
3+
O , where OAl
and AlO correspond to O and Al antisite atoms, respec-
tively. The energy ordering for neutral combinations of
native defects is Schottky defect < cation Frenkel< anion
Frenkel < antisite pair. The charge states of the compo-
nents of the most stable Schottky and Frenkel defects in
[13] differ from one obtained in [10, 11].
In [14] the energetics of point defects in Ti-doped
Al2O3 was studied. Substitutional and interstitial Ti
ions with charge compensating intrinsic defects were con-
sidered and their formation energies against the oxygen
chemical potential were calculated. It was found that
substitutional Ti4+ ions with charge compensating Al
vacancies are the most stable defects in the oxidized con-
2ditions. In contrast, the formation energy of substitu-
tional Ti3+ ions is minimal in the reduced conditions. In
the intermediate range of the oxygen potential the sub-
stitutional Ti3+ and Ti4+ ions exhibit similar formation
energies.
In [15] the formation of Ti clusters in Ti-doped Al2O3
was investigated. It was shown that Ti3+ clusters have
a positive binding energy. The binding energy increases
with decreasing the distance between Ti3+ ions and with
increasing the number of ions in the cluster. It was also
found that the binding energy of a complex of a substi-
tutional Ti4+ ion and an Al vacancy V 3−Al is rather large.
In this paper we calculate equilibrium concentrations
of isolated and complex defects in Ti-doped α-Al2O3.
A positive binding energy does not automatically mean
that all isolated defects bind in clusters. The equilibrium
concentrations of defects correspond to the minimum of
free energy. The free energy contains the entropy term
and the clustering results in lowering of entropy. In the
general case both the complex and isolated defects are
present. We find that the equilibrium concentration of a
given complex defect specie is proportional to the prod-
uct of the equilibrium concentrations of simple defects
which form the complex defect. The coefficient of pro-
portionality is determined by the binding energy and the
temperature. The first principles calculations show that
the concentration of Ti3+−Ti3+ pairs can be on the same
order of or even larger than the concentration of isolated
Ti3+, while the relative amount of Ti3+ − Ti3+ − Ti3+
triples is small over the entire range of allowed µO.
The minimum of free energy of the system with
charged defects should be found under the additional
condition that the overall charge of the defects is equal
to zero. It is dictated by charge neutrality of the sys-
tem. We do not consider any particular charge compen-
sating defects. Charge neutrality requires that all nega-
tively charged defects compensate all positively charged
defects or vice versa. Applying this condition we find
that the equilibrium concentrations of charged defects
are determined by the formation energies of electrically
neutral combinations of charged defects. These combi-
nations can be chosen in an arbitrary way. The forma-
tion energies for electrically neutral combinations of de-
fects do not depend on the Fermi energy. Therefore, the
equilibrium concentrations of charged defects are inde-
pendent of EF irrespectively to the dependence of their
formation energies on EF . We obtain that in addition to
Ti4+ isolated defects a great amount of Ti4+−V 3−Al pairs,
Ti4+−V 3−Al −Ti4+ triples and Ti4+−Ti4+−Ti4+−V 3−Al
quadruples emerge. The maximum concentration of
Ti3+ − Ti4+ pairs is reached at intermediate values of
the oxygen chemical potential and over the entire range
of µO this concentration is smaller than the concentration
of isolated Ti3+ defects.
It is shown that the ratio of the concentrations of dif-
ferent defect species is changed in Ti-deficient conditions.
At such conditions most of Ti ions enter into the crystal
in the form of isolated Ti3+ and Ti4+ substitutional de-
fects, and the balance between Ti3+ and Ti4+ is shifted
towards Ti4+.
The band structure of the system with isolated and
complex Ti defects is calculated. It is found that the
clustering of defects results in a shift of defects levels with
respect to the valence band maximum and in splitting of
the levels.
II. METHOD AND COMPUTATIONAL
DETAILS
Calculations were performed by the pseudopotential
method with the use of a strictly localized atom-centered
basis set as implemented in the open source SIESTA code
[16] based on the density-functional theory (DFT) ap-
proach. The pseudopotentials were generated with the
improved Troullier-Martins scheme. The O – 2s22p4, Al
– 3s23p1 and Ti – 4s13d3 electron states were considered
as valence configurations and a small core correction was
applied. The generalized gradients approximation with
the Perdew-Burke-Ernzerhof (PBE) exchange-correlation
functional and the double-zeta basis set plus polarization
orbitals was employed. Primitive translation vectors were
allowed to relax until the maximum residual stress com-
ponent converged to less than 0.1 GPa and atomic posi-
tions were optimized until the residual forces had been
less than 0.01 eV/A˚. A real-space grid with the plane-
wave cutoff energy Ec = 250 Ry was used to calculate the
total energy of the system. Selective tests showed that
the total energy was converged within 0.68 meV/atom
for the total energies obtained at Ec = 300 Ry. In view
of large size of the supercell we performed numerical in-
tegration over the Brillouin zone only at the Γ point.
To calculate the formation energy of a given defect a
supercell of four fully optimized unit cells (4× 30 atoms)
was built. One isolated or complex defect was placed in
the supercell and the optimization of atomic positions
was fulfilled again. The total energy was calculated for
the optimized defect supercell.
The formation energy of a defect Ei is determined by
the difference [17]
Ei = Edef−Eperf+nAlµAl+nOµO−nTiµTi+qiEF , (1)
where Edef and Eperf are the total energies of the defect
and perfect supercell, correspondingly, nAl and nO are
the numbers of Al and O atoms removed from the perfect
supercell, nTi is the number of Ti atoms added, µAl, µO
and µTi are the chemical potentials of Al, O and Ti,
correspondingly, and qi is the defect charge in elementary
charge units.
The chemical potentials of Al and Ti vary depending
on equilibrium conditions of a multiphase Al − Ti − O
ternary system. To determine these conditions we cal-
culated the formation energies of α-Al2O3, TiO2, Ti2O3,
TiO, Ti2O, TiAl, TiAl2 and TiAl3 crystals and built the
Al − Ti − O phase diagram. Calculations were done by
the same method with the same pseudopotentials as ones
3TABLE I. Calculated and experimental lattice parameters (in
A˚) of materials used as reference ones for building the Al −
Ti−O phase diagram.
Crystal Space group Lattice parameters Lattice parameters
(Theory) (Experiment)
Al Fm3¯m a = 4.07 a = 4.05 [18]
Al2O3 R3¯c a = 4.86, c = 13.19 a = 4.77, c = 13.00 [19]
TiO2 P42/mnm a = 4.69, c = 2.99 a = 4.59, c = 2.96[20]
Ti2O3 R3¯c a = 5.14, c = 14.10 a = 5.16, c = 13.61 [21]
TiO C2/m a = 5.87, b = 9.42 a = 5.86, b = 9.34,
c = 4.22, γ = 107◦13′ c = 4.14, γ = 107◦32′ [22]
Ti2O P 3¯m1 a = 3.01, c = 4.86 a = 2.92, c = 4.71[23]
TiAl P4/mmm a = 2.84, c = 4.12 a = 2.83, c = 4.06 [18]
TiAl2 I41/amd a = 4.00, c = 24.45 a = 3.97, c = 24.31 [24]
TiAl3 I4/mmm a = 3.87, c = 8.69 a = 3.84, c = 8.58 [18]
Ti P6/mmm a = 2.96, c = 4.66 a = 2.95, c = 4.68 [18]
TABLE II. Calculated formation energies ∆Hf per atom (in
eV) for crystals listed in Table I.
Crystal Al2O3 TiO2 Ti2O3 TiO Ti2O TiAl TiAl2 TiAl3
∆Hf -3.42 -3.42 -3.35 -2.92 -2.06 -0.45 -0.47 -0.44
used for the obtaining of the supercell energies Edef and
Eperf . The formation energy for a crystal with the gen-
eral formula AlxTiyOz is given by the equation
∆Hf = µAlxTiyOz − xµAl − yµTi −
z
2
µO2 , (2)
where µAl and µTi are the energies per atom in the metal-
lic phases, µO2 is the internal energy of O2 molecule.
Lattice parameters obtained by structure optimization
calculations are presented in Table I. For comparison,
experimental lattice parameters are also given in Table
I. The computed formation energies are given in Table
II. The Al − Ti − O phase diagram obtained from the
computed formation energies is shown in Fig. 1.
We consider the growth conditions in which the Al2O3
phase is in equilibrium with two other phases. These
conditions correspond to the points in the phase diagram
specified in Table III. At the point A the chemical poten-
tials of Al, Ti and O atoms are related by the equations
2µAl + 3µO = µAl2O3 , (3)
µTi + 2µO = µTiO2 , (4)
2µO = µO2 . (5)
The right-hand parts of Eqs. (3)-(5) contain the ener-
gies (per formula unit) of the compounds which are in
equilibrium at the point A. Solving (3)-(5) one gets the
potentials µAl, µO and µTi. Similar equations can be
written for the points B, C etc. The oxygen potential µO
(see Table III) varies from the largest value at the point
A that corresponds to the oxidized limit to the lowest
value at the point F that corresponds to the reduced
limit. The value of µO given in Table III is counted from
the chemical potential of an isolated oxygen atom.
TABLE III. Reference equilibrium points in the phase dia-
gram Fig. 1.
Point label Compounds in equilibrium µO(in eV)
with Al2O3
A O2, TiO2 -4.39
B TiO2, Ti2O3 -8.18
C Ti2O3, TiO -9.46
D TiO, TiAl2 -9.77
E TiAl2,TiAl3 -9.87
F TiAl3, Al -10.09
FIG. 1. Computed phase diagram of the Al-Ti-O ternary
system. The points A - F denoted by arrows correspond to
the vertices of the three-phase region around Al2O3.
III. RESULTS AND DISCUSSIONS
A. Formation energies and binding energies
The formation energy of an electrically neutral defect
(Eq. (1) with qi = 0) does not depend on the Fermi
energy EF . The contribution of such defects into the
free energy and their equilibrium concentrations are in-
dependent of EF as well. On the contrary, the formation
energy of a charged defect (Eq. (1) with qi 6= 0) de-
pends on EF . One can exclude EF from the problem
considering electrically neutral combinations of charged
defects. The formation energy of any neutral combina-
tion is independent of EF . Taking into account overall
charge neutrality of the crystal one finds that the equilib-
rium concentrations of charged defects are independent of
EF as well. To compute these concentrations one should
know only the formation energies of electrically neutral
combinations of charged defects.
Electrically neutral combinations can be chosen in an
arbitrary way and a concrete choice is just the matter of
convention. The result of calculations of the equilibrium
concentrations will be the same for any choice. Here
we consider positively charged defects in a combination
4with negatively charged V 3−Al vacancies, and negatively
charged defects, in a combination with positively charged
Ti4+ substitutional defects.
We restrict the analysis with complex defects formed
by substitutional Ti3+Al and Ti
4+
Al ions, and V
3−
Al vacan-
cies. Below we use the notations Ti3+ and Ti4+ for
TiAl substitutional defects. For completeness we also
take into account isolated interstitial ions (notated as
Ti3+i and Ti
4+
i ), and intrinsic defects V
2+
O , Al
3+
i and
O2−i . Intrinsic defects are considered in electrically neu-
tral combinations that correspond to the Schottky quin-
tet (3V 2+O , 2V
3−
Al ), Al Frenkel (Al
3+
i , V
3−
Al ) pair and O
Frenkel (O2−i , V
2+
O ) pair.
For each defect specie we compute the energy of the
supercell with one isolated or complex defect. A charge
state of the defect is set as a charge of the whole su-
percell. The formation energy of an electrically neutral
combination of defects E˜λ is defined as the sum of the
formation energies (1) calculated for the corresponding
supercells and divided by the number of the supercells.
The quantity E˜λ yields the formation energy per defect
and λ stands for a given electrically neutral combination.
We will show below that the concentration of complex
defects can be expressed through their binding energy.
The binding energy of a complex defect formed by x Ti3+,
y Ti4+ and z V 3−Al vacancies is defined as
E
(b)
i = xE3 + yE4 + zEV − Ei, (6)
where E3, E4 and EV are the formation energies (1) of
isolated Ti3+, Ti4+ and V 3−Al defects, correspondingly.
Substituting Eq. (1) into the right-hand part of Eq. (6)
we find that the chemical potentials µAl, µO and µTi are
canceled. Therefore, the binding energy is the same at
different points of the ternary phase diagram Fig. 1. The
binding energy can be expressed through the formation
energies of electrically neutral defects and the formation
energies of electrically neutral combinations of charged
defects taken at the same equilibrium point.
The formation energy of a complex defect and its bind-
ing energy depends on the distances between simple de-
fects which form the complex defect. In α-Al2O3 every
Al atom has four nearest neighbor Al sites. These four
sites form a tetrahedron (Fig. 2). The distances between
a given Al site and four nearest neighbor Al sites are al-
most the same (the link along the [0001] axis is shorter
by 0.14 A˚). We consider pairs where substitutional ions
and Al vacancies are located at two nearest neighbor sites
(the central site and a tetrahedron apex shown in Fig. 2).
Four different orientations of such pairs are possible. We
obtain the same binding energy for three orientations and
a slightly different binding energy (the difference is about
or less than 0.1 eV) for the fourth orientation (that cor-
responds to the shortest link). We neglect this difference
under the obtaining of the equilibrium concentrations of
the defects. Triple defects under study are formed by sin-
gle defects located at the central site and at two tetra-
hedron apexes. We account two types of Ti − Ti − V
FIG. 2. Locations of four nearest neighbor Al atoms (large
purple circles) around a given (central) Al site (large green
circle). Nearest neighbor O sites are shown by small red cir-
cles. The direction of the shortest Al − Al link is shown by
the arrow.
TABLE IV. Computed binding energies of complex defects
(in eV).
Complex defect E(b)
Ti3+ − Ti3+ 1.36
Ti3+ − Ti4+ 0.70
Ti4+ − Ti4+ -0.11
Ti3+ − V 3−Al 0.30
Ti4+ − V 3−Al 1.15
V 3−Al − V
3−
Al -3.25
Ti3+ −Ti4+ − V 3−Al 1.91
Ti3+ − V 3−Al − Ti
4+ 2.05
Ti4+ −Ti4+ − V 3−Al 1.30
Ti4+ − V 3−Al − Ti
4+ 2.15
Ti3+ −Ti3+ − V 3−Al 2.16
Ti3+ − V 3−Al − Ti
3+ 1.19
Ti3+ − Ti3+ −Ti3+ 2.03
Ti4+ − Ti4+ −Ti4+ − V 3−Al 2.93
complexes, one is with a Ti ion at the central site and
the other is with an Al vacancy at the central site. For
the latter we use the notation Ti − V − Ti. Triple de-
fects can be in 6 different orientations. We consider one
quadruple defect specie. The quadruple defect is formed
by a V 3−Al vacancy located at the central site surrounded
with three nearest neighbor substitutional Ti ions.
The binding energies are given in Table IV. One can see
that all binding energies except ones of Ti4+ −Ti4+ and
V 3−Al − V 3−Al pairs are positive. Negative binding energy
corresponds to the repulsion. Below we do not consider
complex defects with negative binding energy.
The computed formation energies of electrically neu-
tral defects and of electrically neutral combinations of
charged defects are presented in Fig. 3. The energies
that correspond to energetically preferable orientations
(configurations) of complex defects are displayed.
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FIG. 3. Formation energies per defect of electrically neutral
defects (Ei) and electrically neutral combinations of charged
defects (E˜λ) at the equilibrium points A - F. Lines are guides
to the eye. The value of the oxygen chemical potential is
shown in the abscissa axis.
B. Equilibrium concentrations of defects
The free energy of defects in a crystal is given by the
defect formation energies Ei, the defect numbers ni, and
the configurational entropy (the logarithm of the number
of ways Wi to place ni defects in a crystal):
F =
∑
i
(Eini − kBT lnWi) , (7)
where kB is the Boltzmann constant, and T is the tem-
perature. Since usually the total number of sites is much
larger than the defect numbers each defect specie can be
considered independently. Then
Wi =
Ni!
(Ni − ni)!ni! , (8)
where Ni is the number of ways to place one defect of a
given specie into a crystal. Below we imply Ni ≫ ni ≫ 1.
For isolated substitutional Ti defects and Al vacancies
the quantity Ni is the number of Al atoms in the perfect
crystal: Ni = NAl. For complex defects the quantity Ni
accounts also different equivalent orientations of defects.
It can be expressed as Ni = aiNAl, where ai is a factor
that depends on the defect type. It is equal to ai = 2 for
Ti−Ti pairs, ai = 4 for Ti−V pairs and Ti−Ti−Ti−V
quadruples, and ai = 6 for the triples. For Tii the factor
ai = 1/2 is the ratio of the number of empty O octahedral
interstices to NAl.
The defect numbers ni are found from the condition of
minimum of the free energy. For neutral defect species
the extremum condition yields
n˜i =
ni
Ni
= exp
(
− Ei
kBT
)
. (9)
The additional constraint for charged defects is∑
i qini = 0, where qi is a defect charge in units of ele-
mentary charge. It is convenient to separate the contribu-
tion of Ti4+ (n4) and V
3−
Al (nV ) in the charge neutrality
constraint:
n4 − 3nV +
∑
i6=4,V
qini = 0. (10)
Then, we exclude nV from the free energy (7) and obtain
the extremum conditions for the energy (7) with respect
to n4 and all other ni:
E4 +
1
3
EV + kBT
(
ln n˜4 +
1
3
ln n˜V
)
= 0, (11)
qi
3
EV + Ei + kBT
(qi
3
ln n˜V + ln n˜i
)
= 0, (12)
where n˜i = ni/Ni. One finds from Eqs. (11) and (12)
the relations
n˜34n˜V = exp
(
− 4E˜4,V
kBT
)
, (13)
n˜i = n˜
qi
4 exp
(
−Ei − qiE4
kBT
)
, (i 6= 4, V ), (14)
where E˜4,V = (3E4 +EV )/4 is the formation energy per
defect of a combination of three Ti4+ and one V 3−Al . We
note that Eq. (14) describes the case of neutral defects
as well (at qi = 0 it reduces to Eq. (9)).
One can easily check that the energies Ei − qiE4 in
Eq. (14) are expressed through the formation energies
E˜λ. Respectively, the equilibrium concentrations are de-
termined by E˜λ and do not depend on EF . Substitut-
ing Eq. (14) into Eqs. (10) and taking (13) we have
6two algebraical equations for the variables n˜4 and n˜V .
These equations have a unique positive real-valued so-
lution. From this solution and Eq. (14) we obtain the
concentrations of all considered defect species.
Eqs. (13) and (14) allow us to express the concentra-
tions of complex defects through the concentrations of
isolated defects. The equilibrium concentration of com-
plex defects composed of r3 Ti
3+ ions, r4 Ti
4+ ions and
rV V
3−
Al vacancies is equal to
n˜i = (n˜3)
r3(n˜4)
r4(n˜V )
rV exp
(
E
(b)
i
kBT
)
, (15)
where E
(b)
i is the binding energy (6). Eq. (15) can be
applied instead of Eq. (14) to calculate equilibrium con-
centrations of complex defects. Eq. (15) can be also use-
ful if the concentrations of isolated defects are known, for
instance, from experimental data.
In the charge neutrality equation (10) it is enough to
take into account Ti4+ and V 3−Al isolated defects, and
some other defect species with the smallest formation en-
ergies. Then solving the obtained system for n˜4 and n˜V
and substituting the answer into Eq. (14) or Eq. (15)
one finds the concentrations of the rest defect species.
Such an approximation is valid if the overall concentra-
tion of species neglected in the charge neutrality equation
is small in comparison with the concentration of species
accounted in it. Relative error in determining the con-
centrations is proportional to that small parameter.
Below we exclude the point F from the consideration
and account Ti4+, V 3−Al , Ti
4+ − V 3−Al and Ti4+ − V 3−Al −
Ti4+ defects in the charge neutrality equation. Using Eq.
(15) we obtain
n˜4 − 3n˜V − 8n˜4n˜V e
E
(b)
4V
kBT − 6n˜24n˜V e
E
(b)
4V 4
kBT = 0, (16)
where E
(b)
4V and E
(b)
4V 4 are the binding energies of Ti
4+ −
V 3−Al pairs and Ti
4+−V 3−Al −Ti4+ triples, correspondingly.
The solution of Eqs. (13) and (16) can be presented in
the form
n˜4 = zn˜
(0)
4 , (17)
where n˜
(0)
4 = 3
1/4 exp(−E˜4,V /kBT ) is the approximate
solution obtained under accounting of only Ti4+ and V 3−Al
in the charge neutrality equation (16). The factor z sat-
isfies the equation
z4 − αz − βz2 = 1. (18)
The coefficients α and β in Eq. (18) are equal to
α =
8
33/4
e
−
3(E˜4V,4−E˜4,V )
kBT , (19)
β =
6√
3
e
−
2(E˜4V 4,4−E˜4,V )
kBT , (20)
where E˜4V,4 and E˜4V 4,4 are the formation energies (per
defect) of the corresponding electrically neutral combi-
nations (one Ti4+−V 3−Al pair plus two isolated Ti4+ and
one Ti4+ − V 3−Al −Ti4+ triple plus one isolated Ti4+, re-
spectively).
The factor z is defined as a positive real-valued root
of Eq. (18). For E˜4V,4 − E˜4,V ≫ kBT and E˜4V 4,4 −
E˜4,V ≫ kBT the coefficients α and β approach zero and
n˜4 coincides with n˜
(0)
4 .
The concentrations of other charged defects are cal-
culated from Eq. (14). Substituting Eq. (17) into Eq.
(14) we find that these quantities are expressed through
the formation energies E˜λ. In particular, for positively
charged defects (qi > 0)
n˜i ≈ n˜4( 4
√
3z)qi−1e
−(1+ qi3 )
E˜i,V −E˜4,V
kBT , (21)
where the index λ = i, V stands for a combination of
three positively charged defects and qi V
3−
Al vacancies.
For negatively charged defects (qi < 0)
n˜i ≈ n˜4
( 4
√
3z)1+|qi− |
e
−(1+|qi|)
E˜i,4−E˜4,V
kBT , (22)
where λ = i, 4 stands for a combination of one negatively
charged defect and |qi| substitutional Ti4+.
The concentrations of intrinsic defects obtained in a
similar way are equal to
n˜V 3−
Al
≈ n˜4
3z4
, (23)
n˜V 2+
O
≈ n˜4 4
√
3ze
− 53
E˜Sch−E˜4,V
kBT , (24)
n˜Al3+
i
≈ n˜4( 4
√
3z)2e
−
2(E˜Al Frenkel−E˜4,V )
kBT , (25)
n˜O2−
i
≈ n˜4
( 4
√
3z)3
e
−
2E˜OFrenkel−
5
3
E˜Sch−
1
3
E˜4,V
kBT , (26)
where E˜FrenkelAl(O) and E˜Sch are the formation energies
per one defect site for O(Al) Frenkel pair and for the
Schottky quintet, respectively. Note that Eqs. (24)-(26)
are applicable if the concentrations of the corresponding
defects are small compared to the concentration of sub-
stitutional Ti4+ ions. The latter is provided by the small-
ness of the formation energy E˜4,V in comparison with the
Schottky and Frenkel defect formation energies. We em-
phasize that Eqs. (23)-(26) cannot be applied to pure
Al2O3. Considering pure crystals one should account
only intrinsic defects in the charge neutrality equation.
It results in different from (23)-(26) equilibrium concen-
trations.
It is instructive to find distribution of Ti impurities be-
tween different defect species. The partial concentration
of Ti that corresponds to the i-th defect specie is given
by the expression
wi = n˜iaiki
2mTi
mAl2O3
· 100%, (27)
7where mTi and mAl2O3 are the molecular masses of Ti
and Al2O3, ki is the number of Ti atoms in a given de-
fect and ai is the orientation factor defined above. The
quantities wi are the partial concentrations in percent by
mass (wt%). Calculated wi at the temperature T = 1600
K are shown in Fig. 4. The sum wTi =
∑
i wi yields the
total equilibrium concentration of Ti. This quantity is
also shown in Fig. 4. One finds from Fig. 4 that the
overall concentration of charged defects neglected in Eq.
(16) is about or less than one hundredth of Ti4+ concen-
tration. The concentrations of Ti3+i and Ti
4+
i interstitial
defects are too small and out of range of wi in Fig. 4.
One can see from Fig. 4 that in the oxidized limit (point
A) Ti is mainly in the form of isolated substitutional
Ti4+ ions, while in the reduced limit (point E) it is in
the form of isolated substitutional Ti3+. In the oxidized
(point A) and intermediate (point B) conditions a no-
ticeable part of Ti4+ ions form pairs, triples or quadru-
ples with V 3−Al vacancies. In the intermediate conditions
(points B and C) most of Ti3+ ions bind in Ti3+ −Ti3+
pairs. The concentration of Ti3+ − Ti4+ pairs reaches
its maximum in the intermediate conditions (point B),
but it remains much smaller than the concentration of
isolated Ti3+. At the point B most of Ti3+ −Ti4+ pairs
bind in triples with V 3−Al vacancies. The largest relative
concentration (about 10−2 of the total Ti concentration)
of triples Ti3+ − Ti3+ − Ti3+ is reached at the point C.
Over the entire range of µO the amount of Ti distributed
between other defects is smaller than 10−2 of the total
Ti amount.
The computed concentrations of intrinsic defects are
shown in Fig. 5. One can see that the concentrations
of native defects excluding V 3−Al are rather small, and
therefore one can omit their contribution into the charge
neutrality equation (10).
The results presented in Figs. 4 and 5 have been ob-
tained neglecting temperature effects on the chemical po-
tential of the precursors. It is connected with that DFT
is the zero-temperature technique. It was proposed in
[25, 26] to account temperature effects within the ap-
proach that combines DFT and classical thermodynam-
ics. In [25, 26] the approach was used for the obtaining of
(T, p) phase diagrams of surface structures. Similar ap-
proach was implemented in [11] for the calculation of the
formation energies of native defects in Al2O3. Below we
account temperature corrections to the defect formation
energies in Ti-doped Al2O3 and consider how these cor-
rections influence the equilibrium concentrations of the
defects.
The temperature correction to the chemical potential
of a precursor is given by the equation [25, 26]
∆µ(T, p0) = ∆H(T, p0)−∆H(0, p0)− TS(T, p0), (28)
where ∆H(T, p0) is the difference of enthalpy of the pre-
cursor at temperature T and at the reference tempera-
ture Tr = 298.15 K, and S(T, p0) is entropy at the stan-
dard pressure p0 = 0.1 MPa. The quantities ∆H(0, p0),
∆H(T, p0) and S(T, p0) can be taken from the thermo-
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chemical tables [27]. The obtained ∆µ at T = 1600 K
are given in Table V.
Using the data of Tables II and V we plot the Al-Ti-
O phase diagram Fig. 6 that accounts the temperature
corrections to the formation energies (2) at T = 1600
K. The equilibrium points A, B and C in Fig. 6 are
TABLE V. Temperature correction to the chemical potentials
of precursors per formula unit (in eV) at T = 1600 K.
Precursor Al Ti Al2O3 TiO2 Ti2O3 TiO O2
∆µ(1600, p0) -0.901 -0.883 -2.278 -1.713 -3.020 -1.232 -3.770
8the same as in the diagram Fig. 1. The phases TiAln
(n = 1, 2, 3) are not included in the diagram Fig. 6 due
to lack of thermochemical data for these compounds in
[27]. The points D, E and F are replaced with the point
F′ that corresponds to the equilibrium between Al2O3,
TiO and the liquid phase of Al. Taking into account the
correction (28) we obtain the temperature corrections to
the chemical potentials of atoms ∆µX(T ) (X = Al,Ti,O)
at the equilibrium points A, B, C and F′.
FIG. 6. Phase diagram of the Al-Ti-O ternary system at
T = 1600 K obtained in the approach that combines DFT
and classical thermodynamics.
The defect formation energy (1) contains the differ-
ence of energies of a defect and the perfect supercell
Edef−perf = Edef − Eperf . The DFT approach yields
this difference at T = 0 K. In the combined approach
one should account not only the temperature corrections
to the chemical potentials of atoms but a temperature
correction to the difference Edef−perf , as well. For the
supercell with substitutional Ti atoms we evaluate this
correction as the difference of ∆µTi(T ) in Ti2O3 and
∆µAl(T ) in Al2O3. These compounds have the same
crystal structure and the difference in ∆H and S is
caused in the main part by the replacement of Ti with
Al. It yields ∆Edef−perf = −0.371 eV at T = 1600 K per
one substitutional Ti atom. For the supercell with one Al
vacancy the temperature correction can be evaluated as
∆µ(T, p0) for Ti crystal (see Table V) minus ∆Edef−perf
for the supercell with one substitutional Ti ion (we use
Ti crystal as a reference compound since Al is in a liquid
phase at T = 1600 K). It yields ∆Edef−perf = −0.513
eV at T = 1600 K per one vacancy. Taking into ac-
count the temperature corrections ∆µAl, ∆µTi, ∆µO and
∆Edef−perf in Eq. (1) we calculate the defect forma-
tion energies at T = 1600 K. Using these energies we
obtain from Eqs. (10)-(13) the concentrations of the de-
fects. The result is presented in Fig. 7. One can see
that the concentrations obtained from the formation en-
ergies in which the temperature corrections are neglected
(Fig. 4) and from the formation energies that account the
temperature corrections (Fig. 7) demonstrate basically
the same behavior under variation of the oxygen chemi-
cal potential. There are some minor differences, namely,
in the oxidized conditions the calculations that account
the temperature corrections yield higher concentrations
of Ti3+ ions in comparison with the calculations where
such corrections are neglected. In the reduces conditions
the concentration of Ti4+ ions is underestimated if the
temperature corrections are neglected. In the intermedi-
ate conditions the temperature corrections to the defect
formation energies are rather small and result only in
unessential changes of equilibrium concentrations of the
defects.
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FIG. 7. Thermodynamically equilibrium total and partial
concentrations of Ti at the temperature T = 1600K obtained
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C. Equilibrium concentration of defects in
Ti-deficient conditions
Let us now consider a situation where the total concen-
tration of Ti is less than the equilibrium one. To obtain
partial concentrations of defects one should minimize the
free energy (7) with the additional constraint∑
i
kini = nTi, (29)
where nTi is the total number of Ti atoms in the crystals.
In this case we exclude n3 (the number of Ti
3+) and nV
from the free energy (7) and find the extremum condition
for the free energy (7) with respect to n4 and all other
ni. We arrive at the equations
E4 − E3 + 1
3
EV
9+kBT
(
ln n˜4 +
1
3
ln n˜V − ln n˜3
)
= 0, (30)
qi
3
EV + Ei − kiE3+
kBT
(qi
3
ln n˜V + ln n˜i − ki ln n˜3
)
= 0. (31)
From Eqs. (30) and (31) we obtain the following rela-
tions for the concentrations
n˜34n˜V = n˜
3
3 exp
(3E3 − 4E˜4
kBT
)
, (32)
n˜i = n˜
qi
4 n˜
ki−qi
3 exp
( (ki − qi)E3 − Ei + qiE4
kBT
)
. (33)
Using Eqs. (32) and (33) we find that the relation be-
tween the concentrations of isolated and complex defects
is exactly the same as above (Eq. (15)). It is remarkable
that the restriction (29) does not change this relation.
Substituting the relation (15) into Eqs. (10), (29) and
solving them together with Eq. (32) we obtain n˜3, n˜4
and n˜V .
Let us restrict ourselves with seven defect species:
three isolated defects (Ti3+, Ti4+ and V 3−Al ) and four
complex defects (Ti3+ − Ti3+ pairs, Ti4+ − V 3−Al pairs,
Ti4+−V 3−Al −Ti4+ triples and Ti4+−Ti4+−Ti4+−V 3−Al
quadruples). Within this simplification Eqs. (10) and
(29) are reduced to the following ones
n˜4 − 3n˜V − 8n˜4n˜V e
E
(b)
4V
kBT − 6n˜24n˜V e
E
(b)
4V 4
kBT = 0, (34)
n˜3 + n˜4 + 4n˜
2
3e
E
(b)
33
kBT + 4n˜4n˜V e
E
(b)
4V
kBT
+12n˜24n˜V e
E
(b)
4V 4
kBT + 12n˜34n˜V e
E
(b)
4V
kBT =
nTi
NAl
, (35)
where E
(b)
33 is the binding energy of Ti
3+ − Ti3+ pairs.
Solving the system (32), (34), (35) we obtain the con-
centrations n˜i. In Fig. 8 the distribution of Ti (in wt%)
between different defect species at the points B and C
of the phase diagram is shown. Since in the intermedi-
ate conditions the temperature corrections to the defect
formation energies are small we neglect them in the cal-
culations. One can see that the deficit of Ti results in two
effects. First, the relative fraction of complex defects de-
creases. Second, the ratio of isolated Ti4+ ions to Ti3+
ions increases.
D. Ti impurity levels in the band structure
The presence of Ti in α-Al2O3 results in an appearance
of additional levels in the band gap. To obtain these lev-
els we compute the band structures of α-Al2O3 with one
defect in the supercell. A 120-atom supercell with one,
two and three Ti atoms contains 1.9 wt%, 3.8 wt% and
5.7 wt% of Ti, correspondingly. It is much larger than
the equilibrium concentration of Ti calculated above, but
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since our band structure calculations yield very narrow
impurity bands (see below) such calculations describe ad-
equately impurity levels at low Ti concentration.
In Fig 9a the calculated band structure of the per-
fect α-Al2O3 is shown. The Brillouin zone corresponds
to the 120-atom supercell. The calculated band gap
is Eg = 4.91 eV. Underestimation of Eg (experimental
value is 8.7 eV) is a known band gap prediction problem
of the standard DFT methods based on the PBE func-
tional [28] as well as on the local-density approximation
(see, for instance [29]). In [29] it was proposed to use
the modified Becke-Johnson (MBJ) potential for accu-
rate calculations of the band gap. The MBJ potential
is a modified version of the original Becke-Johnson (BJ)
exchange potential [30]. The MBJ potential contains the
Becke-Roussel (BR) potential [31] instead of the Slater
exchange potential. The BR potential and the MBJ po-
tentials are quasilocal ones: they are determined by the
electron density and its first and second spatial deriva-
tives. In [32] the MBJ potential was employed to study
the structural, electronic, and optical properties of doped
α-Al2O3. In [32] the band gap of pure α-Al2O3 was calcu-
lated by the full potential linear augmented plane wave
method with the PBE and MBJ potentials. The PBE
calculations yields Eg = 6.5 eV, but the result of MBJ
calculations is very close (Eg = 8.5 eV) to the experimen-
tal value. The authors of [32] considered impurity lev-
els of yttrium, scandium, zirconium and niobium doped
α-Al2O3 crystals. They found that the same impurity
induced peaks in the density of states appear in the PBE
and mBJ calculations. These peaks have the same or-
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α−Al2O3 with one isolated defect (b,c,d) per supercell. The
valence band maximum is set at 0 eV, and the arrow indicates
the position of the highest occupied level.
bital decomposition and the relative positions within the
gap, although their width and absolute positions are sen-
sitive to the potential used. The authors of [32] have con-
cluded that the PBE and mBJ calculations of impurity
levels produce qualitatively similar results, which can be
interpreted in the same way. Basing on this conclusion
we expect that the method implemented in SIESTA code
allows to analyze adequately impurity levels in Ti-doped
α-Al2O3 with complex defects.
In Fig. 9b and 9c we present the calculated band struc-
tures of α−Al2O3 with one Ti3+ and one Ti4+ per super-
cell, correspondingly. One can see that isolated Ti defects
reveal itself in an appearance of two impurity levels which
correspond to t2g (lower) and eg (higher) states. For Ti
4+
the lower level is much closer to the valence band max-
imum (VBM) than for Ti3+ (2.86 eV against 4.22 eV).
Similar results were obtained in [14]. The energy sepa-
ration between the lower and the higher level is larger
for Ti4+ than for Ti3+ (3.11 eV against 2.79 eV). The
additional splitting of t2g level is small (0.01 eV for Ti
3+
and 0.06 eV for Ti4+). Our calculations overestimate the
separation between eg and tg levels in comparison with
experimental data [33] (2.37 eV). The positions and sep-
arations of impurity levels shown in Fig. 7b are similar
to ones obtained in [34, 35] for larger Ti concentration.
Isolated Al vacancies (Fig. 9d) reveal itself in the ap-
pearance of oxygen levels inside the band gap near the
VBM.
In Fig. 10 the band structure of α − Al2O3 with de-
fect pairs is presented. The a,b and c panels of Fig. 10
correspond to Ti3+−Ti3+, Ti3+−Ti4+ and Ti4+−V 3−Al
pairs, respectively. We consider the configurations with
the lowest formation energy. One Ti atom or Al vacancy
is located at the central site (Fig. 2) and another Ti
atom, at the apex site belonging to the tetrahedron base.
One can see from the comparison of Figs. 9 and 10 that
the formation of defect pairs results in splitting of Ti
impurity levels.
In the presence of Ti3+ − Ti3+ pairs (Fig. 10a) the
energy distance between the lowest occupied level and
the 6-th level is 2.43 eV (510 nm). It is larger than one
obtained in [15]. We connect this discrepancy with the
following. In [15] the band structure was calculated for
the Ti3+Ti3+ pair oriented along the [0001] axis while
another orientation of that pair was implied in our cal-
culations. The presence of Ti3+ − Ti4+ pairs (Fig. 10b)
results in the appearance of a number of empty impurity
levels, one of which is located at around 1.37 eV (900 nm)
to the occupied level. This energy distance can be related
to the experimentally observed infrared absorption peak
at 800 nm.
In Fig. 11 the band structure of α − Al2O3 with
triple and quadruple defects is displayed. The defects are
formed by an Al vacancy at the central site (Fig. 2) and
two or three Ti ions located at apex sites of the tetrahe-
dron base. It corresponds to the lowest formation energy
configurations. Comparing Fig. 10b and 11a we conclude
that the binding of Al vacancies with Ti3+ − Ti4+ pairs
results in a red shift of the infrared absorption peak. Our
calculations yield the shift ∆E = 0.43 eV. This shift can
result in an increase of FoM of Ti:sapphire lasers.
One can see from Figs. 9c, 10c, 11b and 11c that the
lowest Ti4+ level lifts up relative VBM under the binding
of Ti4+ with V 3−Al . The additional higher levels also ap-
pear under such a binding. The latter may influence only
insignificantly on characteristics of Ti:sapphire lasers.
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FIG. 10. Band structure of α − Al2O3 with one defect pair
per supercell.
IV. CONCLUSION
In conclusion we have found by the first-principles cal-
culations that Ti-doped α-Al2O3 contains a large fraction
of complex defects (pair, triples, quadruples) formed by
Ti3+ and Ti4+ substitutional ions and Al vacancies V 3−Al .
Partial concentrations of these defects depend on the oxy-
gen chemical potential. A significant fraction of complex
defects formed by one, two or three Ti4+ ions and one
V 3−Al vacancy emerges in the oxidized and intermediate
conditions, while a large fraction of Ti3+ pairs appears
in the reduced conditions. Our calculations yield a rather
small fraction of Ti3+ − Ti4+ pairs. The concentration
of such pairs reaches the maximum in the intermediate
conditions. Ti3+−Ti4+ pairs demonstrate a tendency to
bind in triples with V 3−Al vacancies.
Ti-deficient conditions are also analyzed. It is shown
that the deficit of Ti leads to a decrease in the complex
defect fraction and to an increase in the isolated defect
fraction with the shift of the balance between Ti3+ and
Ti4+ toward the ions with larger valence.
A universal relation between the concentrations of iso-
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FIG. 11. Band structure of α−Al2O3 with one complex (triple
or quadruple) defect per supercell.
lated and complex defects valid for any total Ti concen-
tration is obtained.
The influence of defect clustering on impurity levels
inside the band gap is considered. It is found that the
binding of Al vacancies with Ti3+ − Ti4+ pairs results
in a red shift of the infrared absorption peak. At the
same time the binding of Al vacancies with Ti4+ ions may
influence only insignificantly the laser characteristics of
Ti:sapphire.
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